Monte Carlo In different ensembles!
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NVT ensembléd
NPT ensembléd
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Exotic ensembles: semigrand, isoterision



Different Ensembles

Ensemble Namé Constant | Fluctuating| Thermo-
(Imposed) | (Measured) dynamicg

NVT! Canonicdl N,V, T P F!

NPT! Isobaric-isothermé&l | N,P,T! V! G!

uVvT! Grand-canonical |, V,T N! 1




NVT ensemble: Statistical Thermodynami

Partition function

Qur = %N, Har" exg$98) (V)]

Ensemble averabe

<A>NVT - 1 1 NA(I.N%XP[_/SU(I‘N)]

Probability to Pnd a particular conbguration
N \_ 1 1 1N [\ N " 1\ " N
N (r )— o) 3NN!*dr ! (r o )exp#% U (r )25& exp#6'U (r )%

Free energy

BF =-In(Q,,;)



Monte Carlo samplind

Samples configuration space according
to the Boltzmann distribution

fdl’ Age —U(rN)/kgT
fdrN —U(rN)/kgT

Monte Carlo
simulation



Ensemble average

1 1 Nl N N
<A>NVT = QNVT AN N!fdr A(I‘ )eXP[_ﬁU (I’ )] exp{ ]
N AN N drA(r™ )P(r" QNVT$3NN
= "drA(r")P(r") =f fdr( P() () )
_ "drNA(rN)Cexp[#$U (rN)] "arNy A exp[#$U )]
= "drNCexp[#$U (rN)] T exp[#$U )]
Generate conbguration using MC:
N N N N N __1||:/| NY . #drNArNPMCrN
AAR AR AR/ A= } Ar) #drf(vpf?“(rN() )
with! _ St A)C expl” AU

$1rNCMCeXp["#U N]
e (1) = exef U s o )

$1r exp[ #U ]




Monte Carlo samplind

Monte Carlo
simulation

Samples conbguration space
according to the Boltzmann
distribution!

" N
#drNAe UGrN )/ kyT

" N
#drN o VO™ kT

(A)

How do we derive monte carlo
algorithm?!



Detalled balance

Cel n

K! n)=K(n! 0)

K(o —n)=N(o)xa(o—n) Symmetric generation!
probability!
K(n—0)=N(n)xo(n—o)

acc(o — n) _ N(n)xa(n %%)

acc(n —=0) N(o)xa(o—=n) N(o)




NVT-ensemblé

N(n)$ exp g4 U (n)#

acc(o—n) N(n)

acc(n — 0) B N(0)

acc(o" n)

=exp#A g (n) % (0)33

acc(n" o)

acc(0 — n) = min|L,exp(-fAU(0 — n)]



Algorithm 2 (Attempt to Displace a Particle)

SUBROUTINE mcmove attempts to displace a particle
o=int (ranf () *npart) +1 select a particle at random
call ener (x(o),eno) energy old configuration
xn=x (0) + (ranf () -0.5) *delx give particle random displacement
call ener (xn, enn) energy new configuration
if (ranf().lt.exp(-beta acceptance rule (3.2.1)

+ * (enn—eno)) x(o)=xn accepted: replace x (o) by xn
return
end

Comments to this algorithm:

1. Subroutine ener calculates the energy of a particle at the given position.
2. Note that, if a configuration is rejected, the old configuration is retained.
3. The ranf () is a random number uniform in [0, 1].



Scaled coordinates

Partition function
1
Qur = ans [dr® exp{—ﬁu(r'\' )]

Scaled coordinatés
s, =r./L

L] V=L

This gives for the partition function
_ L3N N 11 N
Qur =- 3NN!(dS exp(,/§!U (s ;L

VN
=- 3NN|(dSN exp;/%!U (SN;L
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Measuring the pressure

The pressure is the thermodynamic derivative of F!

:#?/E£ :%anNVT$ — 1 %QNVT&
&-$V)NT & 3V )NT QNVT&$V )NT

N4 Vi d"u(r™)
d§\| #"U(rN )# d§\| #U(rN)
B | —2 gt dv

vV d§\|e#"U(sN)
_.|,3N-N|—1
this reduces to the virial pressure !

{22
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Constant pressure simulation?
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¥ what if we are interested in
one specibc pressure P?!

¥ we need large part of the
equation of state to bPnd right
volume V!

b needs many simulations.!

¥ Better idea: constant pressure
simulation.!
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NPT ensemblé

IWe control the !
¥ Temperature (T)!
¥ Pressure (P)!

¥ Number of particles (N)!
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The perfect simulation ensemble

N Iin volume V!

M in volume ¥-V!

What is the statistical thermodynamics of this ensemble?!
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The perfect ensemble: partition function

Vo=V

(V,-v)"™" ] A
QMVO,NV,T = A3|\/|(_)N (M — N)IdeM N eXp — 0 SM N’ L)] ASNN!

xdeN exp[—ﬁU (sN' L)]
v,"v)y "

QMVO,NV,T ~ y 3M"N (M N)' 3NN| (dSN eXpﬁj / U(SN L)E
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V," 28 vy
QMVO,NVT T 3&4 N(M " N)" 3NN,(dS eXpﬁ} IU( L)E

To get the total partition function of this system, we have to !
Integrate over all possible volumes

( - )M—N

A3|\/| N(M N)l A3NN|

Quyy . = AV fds exp[ BU (s"; L)]

Now let us take the following limits:!

M " # $ M
.0 =—" constant
Lt ote 1

As the particles are an ideal gas in the bWwe have:!

—_ ) .
! - P blg reservoir acts as manostat! 16




w,-v) ™"
QMVO,N,T =de A3M- N(M N)' A3NNvde exp[ ﬁU( L)]

We have!

0 v =y (v ) s M Y expop (M NV, E

M#N
$

(V, #V v, expl#! V] =V, exp[#" PV]

This gives:!

I'P "
Quor = T (dV exp[$! PV]VN (ds'\I exp 0/?! U (sN;L)g
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NPT Ensemblé

Partition function:!

O,y = N':.P?,N (dVexp[$! pviv® (dsN exp o/ U(sN;L)g

Probability to bnd a particular conbguration:!

Sample a particular cd
¥change of volume
¥change of reduced»—

O

Acceptance rules ??!

/
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Detalled balance

Cel n

K(o—=n)=K(n—o)

K(o—n)=N(0)xa(o— n)xacc(o— n)
K(n—0)=N(n)xa(n— 0)xacc(n— 0)

acc(o” n) _ N(m#! (n" o) _ N(n)
acc(n" o) N()#! (0" n) N(o)
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NPT-ensemblée
N oy (V SN)$ VY exp|% PV exp A U(SN;L)#

acc(o! n) _N(n)
acc(n! 0) - N (0)

Suppose we change the position of a randomly selected particle!
acc(o —n) V' expl= exp[-BU(s);L)
acc(n — o) V]Ve/prﬁ.wﬂexp —BU (sg‘; L)-

exp(y%IU(S L)ﬁ ex I 5 N @)
Cepos/U (LY PS4 (n)3U (0)g




NPT-ensemblé’
N o7 (V,SN )oc V" exp|-BPV lexp [—/J’U(SN;L)]

acc(o! n) _N (n)
acc(n! o) N(o)

Suppose we change thwelume of the system!

aclo%n) V" exp[$! PVn]exp'('g,L$! U(SN;Ln)#
acc(n % o) V" exp[$! PVO]exp'é$! U(SN;LO)#

_ J}?ﬂ exp$8.! P(V, &7, )9/exp{&-’ U (n)&U (0)9/}
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Algorithm: NPT

¥ Randomly change the position of a particle!
¥ Randomly change the volume!
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Algorithm 10 (Basic NPT-Ensemble Simulation)

+

PROGEAM monpt

do level=1,nceyvel
ran=ranf () *(npart+1)+1
if (ran.le.npart) thsn
call momove
else
call moval
endlf
if (mod{iovel, nsamp) .edq.0)
call sample
enddo
end

basic NPT ensemble simulation

perform nevel MC cycles

perform particle displacement

perform volume change

sample averages
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Algorithm 2 (Attempt to Displace a Particle)

SUBROUTINE mcmove attempts to displace a particle
o=int (ranf () *npart) +1 select a particle at random
call ener (x(o),eno) energy old configuration
xn=x (0) + (ranf () -0.5) *delx give particle random displacement
call ener (xn, enn) energy new configuration
if (ranf().lt.exp(-beta acceptance rule (3.2.1)

+ * (enn—eno)) x(o)=xn accepted: replace x (o) by xn
return
end

Comments to this algorithm:

1. Subroutine ener calculates the energy of a particle at the given position.
2. Note that, if a configuration is rejected, the old configuration is retained.
3. The ranf () is a random number uniform in [0, 1].
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Algorithm 11 {Attempt to Change the Volume)

SUBROUTINE maovol

call toterg (lox, end)

vo=hoxt*d

Invn=loegi(vol+(rant () -0.5) *vmax

vn=eXpi{lnvn}

boxn=vn**{1/2)

do 1=1,npart
®iill=xi{1)*boxn/box

enddo

call toterg(boxn, enn)

arg=-beta* | (enn-enc)+p* (vn-vo)

+ - (npart+l)*logi{vn/vo) /beta)

if (ranfi).gt.expiarg)) then
do 1=1,npart

Xiili=xi(1)*box/boxn

enddo

endlf

return

end

attempts to change

the volume

total energy old conf.
determine old volume
perform random walk in In'V

new box length

rescale center of mass
total energy new conf.
appropriate weight function!
acceptance rule (5.2.3)

REJECTED
restore the old positions

N

(@)



NPT simulations

60 ! I T T T T

40
= 1.

20

06 1 | 1 | 1 | 1 1 1
00 02 04 06 08 10

P P

Setting pressure to zero will give liquid coexistence except

close to critical point: why?!
28



Measured and Imposed Pressure

¥ Imposed pressure P!
¥ Measured pressure P from virial!

p(V) =

Quer = *P HdVexd" *(F (V) + PV)]
AN

In fact this i1s' G!

21






Measured and Imposed Pressure

b b
¥ Partial integration! " fdg =] fg]Z# " gdf

a

¥ Forv=0andval  exg-B(F(V)+PV)|=0

¥ Therefore,!

R,)- BP f 4 exp[-pPV] dexp|-BF (V)]
" QINPT) B oV

(R,) = Q(/IiIF;’D [ dvPexp|-B(F(V)+PV)|=P
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Grand-canonical ensemblé'

Suppose we have a gas in a porous material

LN NS LAaA
IRYAYAYARaVaVa Ve

- V¥ | aVavaVva
R - AN

AVAVA VSN RVAVAVE

What are the equilibrium conditions?!
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Grand-canonical ensemblé'

WAWOWAS

"\'/‘\/‘K
AN
O\
DaWawou

-

RAVAVAVS

We impose:!
¥ Temperature (T) !

. \¥ Chemical potentiall) !
LouT # Volume (V)!

S/
But NOT pressure!
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Theuerfect ensemblé

\"'0 —\‘r

What is the statistical thermodynamics of this ensemble?!
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Theuerfect ensemble: partition functiory

A "
QNVT = I SNN! (dSN eXpO/%! U (SN; L)g
v my WM " . Vi
QMVO,NV,T i 3(|v| "ON (I\/l) " N)! )dSM ’ GXWL)E NN !

(V _V)M—N VN |
Quy v 7 = ABM?N (M N g 05" exp[-pU (s;L ]
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V-V )"
QMVO,NV,T =A3|v| N(M N)' AsNledS eXp[ -pU (S L)]

To get the total partition function of this system, we have to !
sum over all possible numbers of particles N!

N=M (V V)M‘N
Ovyynr = Eo AV N(M N)' A3NN|deN exp[ [3U(SN L)]

N

Now let us take the limits:!

M" #
. 8$}0' M., constant
Vo' #Heg IV
As the particles are an ideal gas in the big reservoir we have:!
/JszTIn(" 31 )
N="exp(! uN V"
Qur =) P( KN) *ds" exp#o4 U (s"; L )B

N=0 ( “UN! 34



UVT Ensemblé

Partition function:!

\="exp (! uN VN

Q=) — (N

Probability to bnd a particular conbguration:!

*ds" exp g/d U (SN; L)$

Nt (V,SI\| )oc exp(BuN IV,

Detailed balance

Sample a particular
¥Change of the
¥Change of reduc

O

Acceptance rules ?7?!
33



Detalled balance

Cel n

K(o! n)=K(n! o)

K" n)=N()#! (0" n)#acc(o" n)
K(n—0)=N(n)xa(nh— 0)xacc(n — 0)

acc(o" n) _ Nn)#! (n" o) _ N(n)

acc(n" o) N(o)#! (0" n) N(o)
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UV T-ensemblé

N (V,s'\I )oc eXpE\/zﬁE!)VN exp[—/»’U (SN; L)]
acc(o — n) _N (n)
acc(n —o0) N(o)

Suppose we change the position of a randomly selected particle!

exp(/ uN )", |
acc(o n)/(’ﬁ?' expO%!U(sr“\',L)g

acc(n' o) M exp'(;%!U(s('}';L)g

3NN

= exp{—ﬁ U (n)-U (O)]}
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UV T-ensemblé

R e Y )

acc(o! n) _N(n)
acc(n! o) B N(0)

Suppose we change tmeimber of particles of the system!

exp (! U (]V + 1))1/)9«r Y N+1,
_ o ] 11
R Y
/
— eXp(- H)V exp[" I#U]

B $3(N+1) 38



Algorithm 12 (Basic Grand-Canonical Ensemble Simulation)

PROGEAM mo_go pasic uVT ensemble
simulation
do lovel=1, novel perform navel MC cycles

ran=int (ranf ()} * (npav+nexc))+1
if (ran.les.npart) then

call momove displace a particle
elae
call mesxo exchange a particle
endif with the reservoir
1f (mod{ilcvel , nsamp) .edq.0)
+ call sample sample averages
enddo
end

Comments to this algorithm:

1. This algorithm ensures that, after each MC step, detailed balance is obeved
Per cvcle we perform on average npav attempts” to displace particles and
nexc attempts to exchange particles with the reservoir.

2. Subroutine memove attempts to displace a particle (Algorithm 2}, subroutine
mcexa attempts to exchange a particle with a reservoir {Algorithm 13}, and

subroutine sample samples quantities every nsamp cvele.
39



Algorithm 13 (Attempt to Exchange a Particle with a Reservoir)

SUBROUTINE moexa

1f (ranfi().1lt.0.5) th=sn
if (npart.eq.0) return
o=1int (npart*rant() +1
2all ener(x(o),eno)
arg=npart*exp (betarena)
- flzz*vol)
1f (ranfi).lt.arg) then
Xi{o)=xX(npart)
npart=npart-1
endif
slae
xn=rant () *hox
2all ener(xn,enn)
arg=zz*vol*exp(-beta*enn)
+ Jinpart+1)
1f (ranfi).lt.arg) then
Xinpart+l)=xn
npart=npart+1
endit
endit
return
end

attempt to exchange a particle
with a reservoir

decide to remove or add a particle
test whether there is a particle
select a particle to be removed
energy particle o

acceptance rule (5.6.9)

accepted: remove particle o

new particle at a random position
energy new particle
acceptance rule (5.6.8)

accepted: add new particle

Comment to this algorithm:

40



Application: equation of state of !
Lennard-Jones at T=2.0

10.0

:I_Tl
o

P Or .llf"hf

0.0 ¢

F_)’l
o

P

Potential problem: at high densities acceptance goes down.!



Application: adsorption In zeolites

n]
;D
D 20 | 'P__ ]
£ Y o
E "
<10} - |
"
i w“w
p
C‘:'_._..n_m...n-. NI B
10° 10’ 10° 10° 10°
P [kPa]
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Semi grand ensemblé’

¥ For mixtures an additional ensemble exists: semigrand!

¥ Constant N#uT:!

b The difference between the chemical potentials of the
components is bxed!

b total number of particles is bxed!

¥ For a binary mixture!
b N, N, are allowed to change, but ,MN,=N!
- M, Y, are allowed to change, befu = p,— Y, !

Eavv" expPaPV] ) explN( 1" &ds" expPaU(s™)]

identities

In binary mixture just 1,2! 43




MC move changes identity

P_(1" 2Fmin[lLexpi$U + $%u]

acc

Advantage: at high densities still good acceptance!
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Summaly

Ensemble Constant Fluctuating Function
(Imposed) (Measured)
NVT! N,V,T P BF=-INnQ(N,V,T)
NPT! N,P,T V! BG=-InQ(N,P,T)BF+HPM
uVvT! VAVA| N! BQ=-InQ(u,V,T)=BPV!
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Exotic ensembles

What to do with a biological membrane?!

Proteins
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Lipid bilayef

Model membrane:




Phase diagram: lipid-alcohol mixturé

calcohol —
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Surface Tension
controls area per lipid

y<O0! | compressed bilayér

y=0! | tensionless bilayér

y>0! | stretched bilaydr




Simulations at imposed surface tension

¥ Simulation to a constant surface tension!

b Simulation box: allow the area of the bilayer to change in such a
way that the volume is constant.!
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Constant surface tension simulation

Ny (A" ) expl-BUT™) -y A))

A = A
L =
AL=AL=V

P, = min(Lexp{-BlU(s";A") - U(s";A) - y (A-A))
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Tensionless staye= 0"

O@o) = -0.3 +/-0.6
Ofho) = 2.5 +/- 0.3 g
00\0)=2.9 +/- 0.3

50
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